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Thin, mechanically compliant coatings commonly serve as substrata for adherent cells in cell biology and
biophysics studies, biological engineering applications, and biomedical device design. The deformation of such
a coating at the cell-substratum interface defines the link between cellular traction, substratum stiffness, and the
chemomechanical feedback mechanisms responsible for cellular mechanosensitivity. Here we apply elasticity
theory to investigate how this deformation is affected by the finite thickness of such a cell substratum. The
model idealizes a cellular adhesion site �e.g., a focal adhesion� as a circular area of uniform tangential traction,
and compares the deformation of a compliant semi-infinite material to that of a coating of the same material
supported by a rigid base. Two parameters are identified and considered: center displacement �as a measure of
adhesion site displacement� and normal strain gradient �as a measure of adhesion site distortion�. The attenu-
ation of these parameters provides two measures for the influence of a finite coating thickness and underlying
rigid base on cell-mediated deformation of the compliant substratum. A dimensionless term in the resulting
solutions connects the coating thickness to the characteristic size of the adhesion sites. This relation, and
calculations of the minimum thickness at which the rigid base is practically undetectable by an adherent cell,
are supported by existing experimental literature and our observations of the projected area of fibroblasts
adhered to polyacrylamide hydrogel coatings with various thicknesses atop relatively rigid glass. The model
thus provides a tool for estimating the effective stiffness sensed by a cell attached to a compliant coating. We
also identify and consider conceptualizations of critical thickness, or minimum suitable thickness for an
application, which depend on both the frame of reference and the cell behavior of interest. The appropriate
usage of different definitions resolves the disparity in values reported in the literature. Finally, the distinction
between adhesion site displacement and distortion noted in this model could be useful in designing substrata to
elucidate the controlling mechanisms of cellular mechanosensing.
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I. INTRODUCTION

Tissue cells are generally adherent, anchoring to adjacent
surfaces through discrete sites of relatively weak, noncova-
lent interactions �see Fig. 1�. Patches of transmembrane in-
tegrin molecules mechanically link the cell to the extracellu-
lar matrix �ECM� and the external environment; these
adhesion sites are sometimes further classified as either focal
complexes or focal adhesions or contacts depending on their
size, state of development, and characteristic participating
proteins �1,2�. At these locations, actomyosin contraction
within the cell can result in stress exerted against the sub-
stratum �3,4�. In turn, the substratum supplies an equal and
opposite stress at the cell adhesion sites �ignoring inertial
effects�, such that the cell and substratum each deform. The
amount of substratum surface deformation influences cell be-
havior in a process known as mechanosensitivity �5–8�. Cells
receive information about their mechanical environment
from the coupling between stress applied by the cell at ad-
hesion sites and the resulting deformation, including induced
biochemical changes, at these sites.

Cell behavior studies have been performed on various
two-dimensional �2D� substrata to explore mechanosensitiv-
ity, quantify adhesion traction, or mimic in vivo ECM. Often,
the substratum consists of a compliant coating attached to

stiffer supports because the material is too compliant to
handle easily �6,9,10�. �Here we distinguish between compli-
ant �stiff� and soft �hard� designations; the first describes
resistance to elastic or reversible deformation, the second,
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FIG. 1. Epifluorescence optical micrograph �negative image� of
3T3 fibroblasts, cultured on glass and fixed and stained for the focal
adhesion adaptor protein vinculin �dark areas are the antivinculin
antibody�. Discrete vinculin features, often appearing at the periph-
ery of the cells, correspond to adhesion sites between the cell and
the adjacent surface. Scale bar=50 �m.
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plastic or permanent deformation.� Additionally, layers of
more than 1 �m thickness may be unavailable due to pro-
cessing limitations �e.g., layer-by-layer deposition of poly-
electrolyte multilayers �11,12�� or undesirable due to a need
for optical transparency. This second consideration is impor-
tant in cell traction microscopy, in which the motion of
substratum-embedded beads or surface features is used to
estimate the traction stresses exerted by cells �13–16�.

A thin compliant coating attached to a comparably stiff
base may present a very different mechanical environment to
the cell than the bulk properties of the coating material
would suggest �see Fig. 2�. Therefore, a question arises con-
cerning the influence of an underlying rigid base on the me-
chanical behavior of a compliant coating. Our goal is to in-
vestigate this question and also to determine the minimum
coating thickness that can be approximated as a semi-infinite
region. This minimum thickness could be considered a “criti-
cal thickness” in applications where it is undesirable for the
rigid base to influence mechanical response. We present a
model based on elasticity theory that describes how the cel-
lular traction-induced surface deformation of a compliant
coating is affected by the presence of an underlying rigid
base. This effect has been investigated for the case of deflec-
tions far from the adhesion site by approximating regions of
tangential traction as point forces �10�; however, we are in-
terested in the surface deformation of the coating within the
boundaries of the adhesion site where direct molecular me-
chanical transfer occurs. This adhesion site deformation has
not previously been examined to our knowledge. We explore
the case of a circular area of uniform shear stress; however,

the model can be adapted to accommodate more complex
geometry and stress distributions.

The model connects surface deformation to coating thick-
ness and provides a tool for researchers to estimate an effec-
tive stiffness in cases where semi-infinite geometry is not
attainable due to considerations such as processing, optical
clarity, or cost. This method of calculating an effective stiff-
ness can also be applied to conditions in vivo, where support
structures such as the basement membrane or areolar connec-
tive tissue may be sufficiently thin to produce a multilayer
mechanical response to adherent, epithelial-type cells �17�.
We evaluate this model through observations of cell behavior
on compliant coatings with various thicknesses and by con-
sidering the existing literature describing cell behavior on
substrata with a range of stiffnesses and thicknesses.

Additionally, we investigate the discrepancy between val-
ues of critical thickness in the literature, which vary by one
to two orders of magnitude both theoretically and experi-
mentally. We conclude that several distinct and valid defini-
tions of critical thickness hc exist, depending on whether the
deformation location of interest occurs at the adhesion site
�as is the case with cell mechanosensitivity� or at a distance
from multiple adhesion sites �as is the case with cell traction
microscopy�. The existence of different suitable definitions
for different applications explains the disparity in literature
reports. These definitions are further found to depend in dif-
ferent ways on the mechanical stiffness of the material from
which the coating is synthesized.

II. MODEL

When a cell applies traction at an adhesion site, the un-
derlying material deforms according to the mechanical prop-
erties of that material. An example of this deformation is
illustrated in Fig. 3, in which the adhesion site is idealized as
a circular area with radius a undergoing tangential traction,
or shear stress �18,19�. A circular adhesion site area is espe-
cially amenable to analysis in our model due to its axisym-
metry. Adhesion sites at cell-substrata interfaces, often visu-
alized by immunofluorescent staining of actin-binding
adaptor proteins, can appear approximately circular on very
compliant materials �E�1 kPa� but appear generally irregu-

FIG. 2. �Color online� Schematic of adherent cell attached to �a�
a half space, or semi-infinite substratum and �b� a coating of thick-
ness h of the same material grafted to a rigid base. Adherent cells
are contractile, exerting tangential traction on adhesion sites, here
idealized as circular areas. The circular surface outlines indicate the
undeformed and deformed positions and boundaries of the adhesion
sites. Traction-induced deformation is attenuated by the presence of
the rigid base; the displacements uB and uC, respectively, corre-
spond to the Boussinesq, or semi-infinite substratum, solution and
the finite coating solution, as described in the text. Note that the
coating covers the rigid base and serves as a substratum for the
adherent cell.

0 0.1 1.0T /µ :

Displacement

0 0.033 0.33T /E :

x Distortion (contraction
and elongation)

FIG. 3. �Color online� Displacement and distortion of circular
area of applied tangential traction with increasing shear-stress-to-
substratum-stiffness ratio; substratum Poisson’s ratio �=0.5. The
deformation is calculated for a tangential traction T and substratum
shear modulus � or Young’s elastic modulus E by using equations
derived in the text.
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lar or elongated on stiffer substrata �6,20,35�. It is therefore
noted that the circular area assumption represents a simplifi-
cation of the actual adhesion site geometry.

Adhesion sites comprise a dense aggregate of transmem-
brane integrin receptors linked to the termini of actin fila-
ments through a collection of adaptor proteins, a multimo-
lecular structure sometimes termed an adhesion plaque. The
uniform tangential traction assumed by our model represents
the average shear stress due to the actomyosin contraction of
generally parallel cytoskeletal filaments, as mediated by the
compliant �E�1–10 kPa� plaque �21�; this shear stress is in
reality transmitted to the extracellular material via many dis-
crete ECM ligand-integrin receptor pairs within the adhesion
site. We will initially assume that this shear stress acts on a
uniform half space, or semi-infinite region; this model will
then be modified by assuming the existence of a perfectly
rigid base under a coating of thickness h of the original ma-
terial. This coating serves as the substratum of the adherent
cell.

We therefore explore two geometries, as shown in Fig. 2.
In case I, shear stress is applied to a finite region on the
surface of a substratum consisting of a semi-infinite region
occupying 0�z��. In case II, shear stress is applied to a
finite region on the surface of a finite-thickness coating that
occupies 0�z�h and is perfectly bonded to a perfectly rigid
base occupying h�z��. We define our coordinate system
so that z points downward into the substratum and x corre-
sponds to the direction of tangential loading. All materials
are assumed to be isotropic, homogeneous, and linearly elas-
tic. Additionally, only a single adhesion site is considered in
this model; it is assumed that the traction-related deforma-
tion response due to other adhesion sites is negligible com-
pared to the response due to the site of interest. The suitabil-
ity of these assumptions is considered in Appendix A.

We investigate the effects of incorporating a rigid base on
two modes of deformation. The first is the attenuation of

x-direction displacement, specifically at the center of the
circle. The second is the attenuation of contraction and elon-
gation in different regions of the circular area as shown in
Fig. 3. We are interested in this distortion because of the
importance of material gradients and molecular spacing in
theories of adhesion site behavior at the molecular level. The
two effects are analyzed separately in the following sections
and termed “displacement� and “distortion.” We characterize
displacement by the distance that the center of the circle S
moves in the x direction. Distortion is quantified by the nor-
mal strain, or amount of contraction or elongation of the
adhesion site at the coating surface. Since the value of the
normal strain is zero at the center of the circle, we look
instead at the first derivative of strain to characterize this
effect.

An effective stiffness for a given compliant coating is
then acquired by dividing the actual bulk stiffness by a nor-
malized deformation factor we derive, which varies from
zero to one according to the dimensionless ratio h /a, or the
ratio of the coating thickness to the adhesion site radius.

A. Case I: Semi-infinite substratum

We first derive the equations governing the deformation
of a semi-infinite region representing a bulk material or very
thick coating. The calculated displacement and distortion
values will serve as baselines when we incorporate the ef-
fects of an underlying rigid base. We use the subscript B to
denote deformation related to the Boussinesq solution �22�,
which is employed in case I.

1. Displacement

In elasticity theory, a point force is coupled to a displace-
ment field by the Green’s tensor. For an isotropic half space
with a surface point force acting at �x0 ,y0� the surface
Green’s tensor GB�x ,y ,x0 ,y0� is �10,22�

GB =
1

2���
2 − �

2r
+

��x̂2 − ŷ2�
2r3

�x̂ŷ

r3 −
�1 − 2��x̂

2r2

�x̂ŷ

r3

2 − �

2r
−

�2�x̂2 − ŷ2�
2r3 −

�1 − 2��ŷ
2r2

�1 − 2��x̂
2r2

�1 − 2��ŷ
2r2

1 − �

r

� , �1�

where � is Poisson’s ratio, �=E /2�1+�� is the shear modu-
lus, and E is Young’s elastic modulus, and

x̂ = x − x0, ŷ = y − y0, r = �x̂2 + ŷ2. �2�

Because Eq. �1� diverges at the location of the applied point
force �r→0� �16,19�, and we are interested in the deflections
specifically at an adhesion site, we build on this result by
integrating over a finite area S:

uB�x,y� =	 	
S

GB�x̂, ŷ�T dS0, �3�

where uB= �uB vB wB�T and T is the local traction.
From the assumption of tangential loading and the defini-

tion of the coordinate system we have T= �T 0 0�T. Let us
assume that S is a circular region with radius a and centered
at the origin. The displacement at any arbitrary point inside
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the circle is found by integrating as shown in Fig. 4 and
adapted from Saada’s treatment of circular normal loading
�23�:

uB�k,�� =
T

2��

�	
0

2� 	
0

r0�	� �
1 − � + � cos2�� − 	�

r

� sin�� − 	�cos�� − 	�
r

�1 − 2��sin�� − 	�
2r

�r dr d	 ,

�4�

where

r0�	� = a�k cos 	 + �1 − k2 sin2 	� �5�

and we have used

x̂ = x − x0 = r cos�� − 	�, ŷ = y − y0 = r sin�� − 	� . �6�

After evaluating the integrals, the displacement field
uB�k ,�� is

uB =
Ta

� �
2 − �

�
E�k� +

� cos 2�

3�k2 ��2 − k2�E�k� − 2�1 − k2�K�k��

� sin 2�

3�k2 ��2 − k2�E�k� − 2�1 − k2�K�k��

k�1 − 2��cos �

4

� , �7�

where k represents the normalized radial distance and K�k�
and E�k� are the complete elliptic integrals of the first and
second kind, respectively. The surface deformation of the
circular area is shown in Fig. 3 for different ratios of T to �
and T to E. As a reference point, the traction exerted by
adhesion sites of adherent cells has been experimentally de-
termined to be approximately 5 kPa except at the smallest
sites �14,24�.

The x-direction displacement uB is Ta�2−�� /2� at the
center. The y and z displacements vB and wB, respectively,
are zero at the center of the circle and average to zero over
the area circumscribed by the circle.

The average uB displacement within the circular area is

uB,av =
1

�
	

0

2� 	
0

1

uBk dk d� =
4Ta�2 − ��

3��
, �8�

which is roughly 85% of the center displacement. From this
value we can determine the strain energy stored in the sub-
stratum by a force-distance calculation to be 4T2a3�2
−�� /3�.

It is also useful to consider an effective spring constant
for substratum surface displacement,

keff =
F

uB�0,0�
=

2��a

2 − �
=

�Ea

�1 + ���2 − ��
, �9�

to link this model with the spring constant calculations made
by researchers working with cells adhered to compliant posts
or pillars �24–26�. Micropillars have been designed to have a
spring constant of approximately 1–20 nN /�m. This range
translates to a Young’s elastic modulus of 0.7–14 kPa on a
flat, semi-infinite compliant substratum undergoing tangen-
tial traction at an adhesion site with radius 1 �m.

2. Distortion

We would also like to investigate the distortion of the
adhesion site circle. The normal strain characterizes the
amount of contraction on the side of positive x, the side
corresponding to the direction of applied tangential traction,
and elongation of the side of negative x �see Fig. 3�. The
normal strain in the x direction ��=0� within the circle can
be calculated from Eq. �4� as

θ

φ

a

ka

r

x

y

(x,y)

r0(φ)

Adhesion site
perimeter

FIG. 4. Schematic for integrating the deflection due to a tangen-
tial traction in the x direction around an arbitrary interior point
�x ,y�. The adhesion site is idealized as a circular area with radius a.
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xx,B =
1

a

 �uB

�k
� =

T

2��a
	

0

2� �r0�	�
�k

�1 − � + � cos2 	�d	 .

�10�

This normal strain is zero at the center of the circle, which is
the most convenient point to use �see Fig. 5�. We therefore
differentiate again to quantify the rate of transition from con-
traction at positive x to elongation at negative x. This param-
eter is used to quantify distortion:

�
xx,B

�k
=

T

2��a
	

0

2� �2r0�	�
�k2 �1 − � + � cos2 	�d	 . �11�

At the center of the circular area of traction, the distortion
is −T�4−3�� /8�; this value is negative because the normal
strain 
xx at the surface changes from positive to negative in
the direction of positive x, as shown in Fig. 5. In this evalu-
ation we have used the identities

lim
k→0

r0�	� = a, lim
k→0

�r0�	�
�k

= a cos 	 ,

lim
k→0

�2r0�	�
�k2 = − a sin2 	 . �12�

We have now identified the characteristic displacement
and distortion values uB�0,0�=Ta�2−�� /2� and

�
xx,B�0,0� /�k=−T�4−3�� /8�, respectively, as baselines for
comparison with the finite-thickness coating results derived
in the following section.

B. Case II: Finite-thickness coating

We now assume that a perfectly bonded, rigid base exists
under a compliant coating at a depth h. We use the C �coat-
ing� subscript for these parameters, but note that this coating
serves as the cell substratum. Thus, an additional boundary
condition uC=0 at z=h applies. There are at least two exist-
ing analytical methods for incorporating the effect of an un-
derlying base. We describe two here, the methods of Yue �27�
and Fabrikant �28�. Yue’s method utilizes Fourier integral
transforms in a backward transfer matrix approach to calcu-
late the stresses and displacements in a multilayered isotro-
pic half space subject to surface traction. Merkel et al. have
presented experimental support for Yue’s solution �10�. Fab-
rikant’s method involves image forces that produce an infi-
nite sum of reciprocals and solves a single transversely iso-
tropic coating atop a rigid base. Here, we utilize Yue’s
approach and show Fabrikant’s approach to be equivalent in
Appendix B.

1. Displacement

In Yue’s approach, the Green’s tensor relating deformation
and traction GC�x ,y ,x0 ,y0� is �27�

GC =
1

2�
	

0

��
− �1J0 +

x̂2 − ŷ2

r2 �2J2
2x̂ŷ

r2 �2J2
x̂

r
�13J1

2x̂ŷ

r2 �2J2 − �1J0 −
x̂2 − ŷ2

r2 �2J2
ŷ

r
�13J1

−
x̂

r
�31J1 −

ŷ

r
�31J1 − �33J0

�d� , �13�

where

ν =

ν = 0

ν =
-0.5-1.0 0.0 0.5 1.0
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FIG. 5. �Color online� Normalized �a� surface displacement uB� /Ta, �b� normal strain 
xx� /T, and �c� distortion �normal strain gradient�
�� /T�d
xx /dk plotted as functions of k, the normalized radial distance to the adhesion site center, for three values of substratum Poisson’s
ratio � �0, 0.25, 0.5� along the x axis ��=0�. A discontinuity in strain and its derivative exists at k=1 �or r=a�; we therefore focus on
quantifying effects at the center of the circle.
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�1 =
1

2
��11��h� + �22��h��, �2 =

1

2
��11��h� − �22��h�� , �14�

� represents a collection of characteristic terms to be defined below, and Jm=Jm��r� is the Bessel function of order m. The
dummy variable � used in integration corresponds to the conjugate of distance in the Fourier-transformed domain.

The relevant terms in the portion of the Green’s tensor Gi1 relating displacements to a tangential point force T= �T 0 0�T are
calculated by Yue’s method to be

�11��h� =
1

�

 �1 − ���3 − 4� − 4�he2�h − �3 − 4��e4�h�

�3 − 4���1 + e4�h� − 4� + 2�5 + 2�2h2 − 12� + 8�2�e2�h� , �15a�

�22��h� =
1

�

1 − e2�h

1 + e2�h� , �15b�

�31��h� =
1

�

2e2�h�2�2h2 + 8�2 − 10� + 3� − �8�2 − 10� + 3��1 + e4�h�

2��3 − 4���1 + e4�h� + 2e2�h�2�2h2 + 8�2 − 12� + 5� − 3� � , �15c�

where � is the shear modulus, � is Poisson’s ratio, and h is
the coating thickness.

It can be verified that

�1�0� = �2�0� = �31�0� = 0, �16�

which satisfies the condition of zero displacement when the
coating thickness h is zero, and that

lim
h→�

�1 = −
2 − �

2�
, lim

h→�
�2 =

�

2�
, lim

h→�
�31 = −

1 − 2�

2�
,

�17�

which, considering that the Bessel function integrals are nor-
malized, recovers the half-space solution for an infinitely
thick coating. The � terms are related to those given by
Merkel et al. for pointlike adhesion sites for the analysis of
cell traction microscopy and are presented here for clarity.
Note that, in Merkel et al.’s notation, �1 and �2 are equiva-
lent to ��1+ �2−�� /2 and ��2−� /2, respectively, in Yue’s
and our notation.

We first calculate the x-direction displacement due to uni-
form traction applied over a finite area S for the case with an
underlying rigid base, as part of our program of comparing
deformation in cases I and II. This displacement uC�x ,y� is

uC = T	 	
S

G11,CdS0 �18a�

=
T

2�
	 	

S
	

0

� 
− �1J0 +
x̂2 − ŷ2

r2 �2J2�d� dS0. �18b�

If we integrate over a circular area around the center, the
second term in the integrand is zero:

uC�0,0� = −
T

2�
	

0

2� 	
0

a 	
0

�

�1��h�J0��r�d� r dr d	

�19a�

=− Ta	
0

� 1

�
�1
�h

a
�J1���d� . �19b�

The dimensionless ratio h /a provides a connection between
coating thickness and adhesion size that is discussed later in
the context of critical thickness. It is useful to define the
dimensionless factor U1 that represents the attenuation of the
x-direction displacement u at the center of the circle due to
the presence of an underlying rigid base such that uC�0,0�
=U1�h /a�uB�0,0�. We can therefore write the normalized
displacement U1�h /a� as

U1 = −
2�

2 − �
	

0

� 1

�
�1
�h

a
�J1���d� �20a�

=1 −
2

2 − �
	

0

� 1

�
���1
�h

a
� +

2 − �

2

J1���d� , �20b�

where the second expression in Eq. �20� is more amenable to
numerical evaluation. Merkel et al. have noted that conver-
gence of these types of integrals is improved if the semi-
infinite region solution is taken outside the integral, leaving
the integrand to represent the difference between this solu-
tion and the finite-thickness coating solution �10�.

The dependence of U1 on the ratio h /a is shown for three
values of Poisson’s ratio in Fig. 6�a�. As h /a becomes large,
U1 approaches unity �100%� and the adhesion site center
displacement is unattenuated and nearly the same on a com-
pliant coating of thickness h as it would be on a semi-infinite
substratum of the same material. As h /a becomes very small,
U1 approaches zero and the adhesion site center displaces as
it would on a rigid substratum; that is, it does not displace at
all. A consequence of this smooth transition is the need to
specify a practical percentage when considering how deep a
cell can “feel” �that is, the coating thickness that corresponds
to a detectable change in cell behavior�. In order to charac-
terize adhesion site normalized displacement, we choose key
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values of U1�h /a� to be �10%, 50%, 90%�, which correspond
to h /a= �0.075,0.485,3.42� for �=0.5. The 90% value,
which is equivalent to 10% attenuation, serves as a reason-
able definition of critical thickness hc for this mode.

The typical radii of adhesion sites such as focal adhesions
is on the order of 1 �m �1�. Our model therefore predicts
that the adhesion site displacement is barely attenuated �U1
�100% � due to the presence of a rigid base under a cell-
substratum coating for h values of several micrometers or
more. Note that this estimate is independent of the coating
material stiffness E, due to the stated definition of U1. An
interpretation of this result is that, for substratum thicknesses
exceeding several micrometers, the rigid base is undetectable
via cell mechanosensory mechanisms that respond to adhe-
sion site displacement.

2. Distortion

We now consider the attenuation in distortion due to the
presence of an underlying rigid base. We start at Eq. �18b�.
Let F��h ,�r�=−�1J0+�2J2 cos 2
. Then

uC =
T

2�
	

0

2� 	
0

r0�	� 	
0

�

F��h,�r�d� r dr d	 , �21�


xx,C =
1

a

 �uC

�k
�

=
T

2�a
	

0

2� �r0�	�
�k

r0�	�	
0

�

F„�h,�r0�	�…d� d	 ,

�22�

�
xx,C

�k
=

1

a

 �2uC

�k2 �
=

T

2�a
	

0

� 	
0

2� �� �2r0

�k2 r0 + 
 �r0

�k
�2


�F„�h,�r0�	�… + r0
 �r0

�k
�
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Again, we let the normalized radius k approach zero and
apply the limits in Eq. �12� to give
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where JA= �� /4�J1���+J2���− �� /4�J3���. This equation can
be shown to reduce to the half-space solution by letting h
→� and by using the identities
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for n=1,2 ,3.
As before, we can define a normalized coefficient by

�
xx,C�0,0� /�k=U2�h /a��
xx,B�0,0� /�k. The parameter U2
represents the attenuation of distortion �the gradient of the
x-direction normal strain� by the presence of the underlying
rigid base:
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FIG. 6. �Color online� �a� Normalized coefficient U1�h /a� asso-
ciated with the center displacement of a circular adhesion site of
radius a due to the presence of an underlying rigid base at depth h
as a function of h /a for three values of substratum Poisson’s ratio �
�0, 0.25, 0.5�. �b� Normalized coefficient U2�h /a� associated with
the distortion of the same circular adhesion site. As the coating
thickness h→�, U1 and U2 approach unity, and the displacement
and distortion approach that of the semi-infinite region solution. As
h approaches zero, the displacement and distortion approach zero,
representing complete attenuation of deformation due to the con-
straint of the rigid base.
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As in the case of U1, the second equation for U2 here is more
amenable to numerical evaluation.

The dependence of U2 on the ratio h /a is shown for three
values of Poisson’s ratio in Fig. 6�b�. The coefficient U2, like
U1, asymptotically approaches zero and unity for very small
and very large values of h /a, respectively. To enable an es-
timate of the critical thickness hc for cell mechanosensory
mechanisms that detect adhesion site distortion, key values
of U2�h /a� for �=0.5 are �10%, 50%, 90%� at h /a
= �0.156,0.341,1.58�. The coating thickness or rigid base
depth predicted to attenuate distortion by 10% for an adhe-
sion site radius of 1 �m is 1.58 �m, about half the corre-
sponding value for U1. Therefore, calculations involving
both deformation modes predict that an underlying rigid base
under a coating thickness of more than several micrometers
is undetectable by adherent cells that respond to one or both
of these modes. In our discussion below, we contrast the use
of U1 and U2 for specific cases relevant to cell adhesion and
mechanosensitivity.

C. Estimates of U1 for finite-thickness substrata

It is desirable to have simple analytical expressions or
approximations for the normalized deformation functions U1
and U2. The relationship U1�h /a� when �=0.5 is well fitted
by the approximate equation

U1�h/a� � 1 − 0.77e−1.9h/a − 0.23e−0.23h/a �27�

with an error of less than 4% for h /a�0.1. Although this
empirical equation fits well, it has no physical basis.

A closed-form approximation with physical basis can be
developed by the following reasoning. By comparison of the
deflection beneath the center of the adhesion site in cases I
and II as shown in Fig. 2, it can be seen that the displace-
ments uC and uB, which have been calculated analytically,
are similar in the range 0�z�h except for a constant offset.
Therefore, an approximation to uC can be found by subtract-
ing the deflection uB at z=h from the deflection uB at the
surface, and a closed-form approximation to U1 is

U1
��z/a� = 1 −

uB�0,0,z�
uB�0,0,0�

. �28�

To make this approximation, we must calculate the deflection
within the substratum directly underneath the center of the
circular area, which can be found from the more general
expression of GB,11�x ,y ,x0 ,y0 ,z� for arbitrary z �29�:

GB,11 =
1

4��
� 1

R
+

x̂2

R3 + �1 − 2��
 1

R + z
−

x̂2

r�R + z�2�
 ,

�29�

where R=�r2+z2 and positive z is again measured down-
ward into the substratum.

We restrict our focus to the deformation under the center
so that x̂=x and ŷ=y. The deflection at arbitrary depth under
the center of the circle is �see Fig. 7�

uB�0,0,z� = T	
0

2� 	
0

a

GB,11r dr d� . �30�

We make the variable substitutions r=R sin 	 and R
=z sec 	 so that x=−R cos � sin 	 and dr=z sec2	 d	:
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From this we obtain

uB�0,0,z� =
T

4�

 z2

�a2 + z2
+ �4 − 2���a2 + z2 − �5 − 2��z� .

�32�

It can be verified by using the approximations

�a2 + z2 � �a + z2/2a if z � a ,

z + a2/2z if z � a .
� �33�

that this equation simplifies to the point force case Ta2�3
−2�� /8�z when a is small and to the surface displacement
solution Ta�2−�� /2� as z goes to zero.

Equations �28� and �32� are combined as

U1
��z/a� = 1 −

1

2a�2 − ��

�
 z2

�a2 + z2
+ �4 − 2���a2 + z2 − �5 − 2��z� .

�34�

Subtracting the at-depth deflection uB�0,0 ,0� from the sur-
face deflection uB�0,0 ,z� in this manner produces an exact
answer only in the case of a→�, which is equivalent to a
shear stress applied over the entire coating surface. For a

a

φ

γ

R

r

(0,0,z)

y

z

Adhesion site
perimeter

FIG. 7. Schematic for integration of the deflection at an arbitrary
depth under the center of a circular area of tangential traction in the
x direction.

MALONEY et al. PHYSICAL REVIEW E 78, 041923 �2008�

041923-8



finite a, this estimate leaves the boundary condition uC
= �uC vC wC�T=0 at z=h unsatisfied except at �0,0 ,h�. How-
ever, this discrepancy appears to have only minor conse-
quences, as shown in Fig. 8. The approximation has the ben-
efit of deviating by less than 10% from the exact solution
when �=0.5. Additionally, both the exact solution and the
approximation converge to 4h /3a for small h /a when �
=0.5, so that the relative error converges to zero for these
conditions.

We have not obtained a comparably simple and physically
motivated expression for U2, and thus consideration of dis-
tortion effects requires numerical evaluation of Eq. �26�.

III. MATERIALS AND METHODS

A. Preparation of polyacrylamide thin gel films

Cell behavior was investigated on coatings of various
thicknesses. Polyacrylamide films were used as model elastic
substrata, prepared on silanized, amine-derivitized glass cov-
erslips following the well-established protocol of Wang et al.
�30�. Polyacrylamide prepolymer solutions were made by
mixing 625 �l of 40% acrylamide solution and 325 �l
of 2% bis solution �Bio-Rad Labs, Hercules, CA�, 50 �l
of 1M 4-�2-hydroxyethyl�-1-piperazineethanesulfonic acid
�HEPES� �Cambrex, Walkersville, MD�, and 1500 �l of pu-
rified water. The prepolymer solution was activated with
30 �l of a 10% ammonium persulfate solution �Bio-Rad
Labs, Hercules, CA� and 20 �l n ,n ,n� ,n�-tetramethylene-
diamine �Bio-Rad Labs, Hercules, CA�.

The gel thickness h was controlled via two methods. Gels
of thickness h�5 �m were prepared by sandwiching a
known volume of activated prepolymer solution between two
glass coverslips �30�. Gels of thickness h�5 �m were pre-
pared with activated prepolymer solution containing polysty-
rene beads of diameters of 0.3, 0.6, 1.1, 3, and 6 �m �Sigma-
Aldrich, St. Louis, MO�, according to established protocols
�31�. The bead-containing solution was sandwiched between
two glass coverslips and clamped until polymerization was
complete.

Fully polymerized gels were functionalized for cell at-
tachment by room temperature incubation for 2 h in a gelatin
�Becton Dickinson 214340, Sparks, MD� solution �1 mg /ml
in phosphate-buffered saline�, followed by rinsing in purified
water. Gelatin adsorption resulted in an undetectable thick-
ness increase as measured by atomic force microscopy
�AFM� profiling over fresh scratches in polyacrylamide gels
of nominal 3 �m thickness and similar formulation �8%
acrylamide� to that used in cell culture experiments �5%
acrylamide�. The standard deviations of absolute thickness
among replicate measurements was 500 nm in both the un-
functionalized and gelatin-adsorbed gels �data not shown�.
Gels were stored in 50 mM HEPES buffer at 4 °C.

B. Characterization of thin polyacrylamide hydrogel coatings

Gel thicknesses were verified by AFM profiling or, for the
thicker gels �h�20 �m�, calibrated optical microscopy. Gel
stiffness was determined via AFM-enabled indentation �Mo-
lecular Imaging, now Agilent, Santa Clara, CA� using canti-
levers of user-calibrated stiffness kc=0.03 N /m �Veeco, Ca-
marillo, CA�. Force-distance indentation responses were
analyzed to determine Young’s elastic modulus E by using
Igor Pro analysis software, following a previously described
model �32�. The mean and standard deviation of indentation-
measured Young’s elastic modulus for polyacrylamide gels
was 5.6�1.1 kPa for gels of thickness h=60 �m indented to
maximum indentation depth �=800 nm.

C. Cell culture and proliferation assays

NIH–3T3 fibroblasts �ATCC: CRL-1658� were cultured in
Dulbecco’s Modified Eagle Medium �Gibco/Invitrogen
11885, Carlsbad, CA� with 10% bovine calf serum �Hy-
Clone, Logan, UT�. Experiments were performed in dupli-
cate. The cells were seeded at a surface density of
5000 cells /cm2 onto gelatin-coated gels atop glass cover
slips. After 24 h, the culture medium was exchanged and the
adherent cells imaged with an optical microscope in phase
contrast �Olympus IX51, Center Valley, PA�.

D. Observation and analysis

Cell areas were analyzed by using IMAGEJ �NIH, Be-
thesda, MD�; one researcher used this software to trace the
cell areas on images randomly labeled by a colleague. Only
the areas of free �noncontiguous� cells were measured due to
the possibility of contact inhibition.

IV. RESULTS AND DISCUSSION

A. Comparison with experiment through the calculation
of effective stiffness

One consequence of finite substratum thickness is that cell
traction-induced displacements may be reduced via mechani-
cal contributions of the rigid support, anthropomorphized as
the cell “feeling” a stiffer substratum than would be expected
from the known elastic properties of the substratum material
and possibly adopting new cell morphologies or behaviors
consistent with a stiffer external environment. Our model

U1, calculated
from uB(0,0,z)

U1, exact
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FIG. 8. �Color online� Exact numerical evaluation of U1�h /a� in
Eq. �20� compared to approximation U1

��z /a� in Eq. �34�; substra-
tum Poisson’s ratio �=0.5 for both calculations.
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predicts that an effective shear modulus can be calculated by
dividing the coating shear modulus by a thickness-dependent
normalized function Ui�h /a� �U1 or U2�:

�eff =
�

Ui�h/a�
, �35�

where �eff and � can be replaced with Eeff and E=2��1
+��, respectively, because � is assumed to be constant �and
equal to 0.5 for the compliant coatings discussed in this sec-
tion�.

To test these predictions directly, we conducted new ex-
periments that documented the projected area of NIH-3T3
fibroblasts adhered to polyacrylamide hydrogel coatings on
comparably rigid glass supports. The use of polyacrylamide
on glass is well established for cell mechanotransduction
studies; however, a systematic study using a range of well-
defined coating thickness values has not previously been per-
formed.

Fibroblast projected areas for different polyacrylamide
thickness values are shown in Fig. 9�a�. This cell-spreading
area A was most sensitive to changes in coating thickness for
thicknesses of less than several micrometers, as predicted by
our model. Above this thickness, there is little change in cell
area, suggesting that the underlying glass base is nearly un-
detectable by cell mechanosensory mechanisms.

Cell area as a function of substratum thickness �A-h data�
can be transformed into cell area as a function of effective
stiffness �A-Eeff data� by using Eq. �35�; Ui is evaluated by
using the measured polyacrylamide bulk Young’s elastic
modulus E and an assumption of adhesion site radius a with
Poisson’s ratio �=0.5. The transformed relationship is shown
in Fig. 9�b� and compared to a previously reported relation-

ship for 3T3 fibroblasts on thick �50 �m� polyacrylamide
films �33�. The stiffness-area trend is also similar to reported
trends for 3T3 fibroblasts on other thick ��50 �m� poly-
acrylamide films �6,34� and also for kidney epithelial cells
�6�, endothelial cells �34�, smooth muscle cells �31,35�, and
mesenchymal stem cells �36�.

We have also applied our model to existing experimental
data reported by Engler et al. that consist of area measure-
ments of mesenchymal stem cells on compliant polyacryla-
mide coatings of thickness h=70 �m and 500 nm bonded to
a rigid underlying base �36�. Engler et al. considered the
70 �m films to be essentially semi-infinite based on earlier
experiments, and we concur, based on our model’s predic-
tions of U1�U2�1 for large values of h /a.

Our model can operate on thickness and stiffness specifi-
cations in such a way as to predict thick-coating behavior
from thin-coating behavior, and vice versa. In application to
the data reported by Engler et al., we used our model to
predict thin-coating �500 nm� cell behavior based on the re-
ported thick-coating �70 �m� behavior by multiplying the
measured stiffness values of the thick coating by U1�h /a�
and U2�h /a� for adhesion site radii a=1 and 2 �m. The
larger number of experimentally measured points �higher
data density� in these thick-coating results made this opera-
tion more favorable than the reverse operation. Both Engler
et al.’s experimental data and our model’s predictions of cell
area on a 500-nm-thick film are shown in Fig. 10. Note that
the only input to our model was the substratum stiffness in
the semi-infinite case �taken to be the stiffness reported for
the thick-coating case� and the assumed adhesion site radii a.
We find our model to be a good predictor of the change in
cell behavior �here, cell area A� resulting from the use of a
thinner vs a thicker coating of the same material.

In both examples of calculating effective stiffness �fibro-
blasts and mesenchymal stem cells�, the predictions from
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FIG. 9. �Color online� �a� Cell area A for 3T3 fibroblasts ad-
hered to polyacrylamide gels with Young’s elastic modulus E
=5.6 kPa and a range of thicknesses fabricated on glass. The reduc-
tion in thickness of a compliant coating on an underlying rigid base
results in increased effective stiffness and an increase in spread cell
area. Error bars represent standard error �n�47�. Inset: phase con-
trast photographs of cells adhered to relatively thin and thick coat-
ings of the same formulation of polyacrylamide �scale bars
=50 �m�. �b� The same data plotted as a function of effective
Young’s elastic modulus �calculated by dividing the actual Young’s
elastic modulus by the deformation function U1 or U2� for two
assumed adhesion site radii, 1 and 2 �m, and compared to Solon et
al.’s measurements of fibroblast area on relatively thick polyacryla-
mide gels �33�. In �b�, cell area error bars are omitted and the
predictions from U1 and U2 are slightly offset vertically for clarity.
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acrylamide �PA� hydrogel coatings as reported by Engler et al. �36�;
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using functions U1 and U2 are similar enough to prevent us
from drawing any conclusions on whether the cells used ei-
ther displacement-or distortion-related feedback to sense
substratum stiffness.

An additional test of our model would be its application to
more parameters than just the projected area of adhered,
spread cells. A complex behavior that is plausibly modulated
by mechanical stiffness of substrata would be ideal. For ex-
ample, motility can vary according to substratum stiffness in
a biphasic manner �35�; our model predicts than this relation-
ship would be shifted if a thick, essentially semi-infinite
coating were replaced by a thin coating on an underlying
rigid base. Finally, we are also exploring thickness gradients
in coatings of a single material as a way of simulating varia-
tions in stiffness, in anticipation of comparison with experi-
mental observations of cell behavior on coatings with stiff-
ness gradients �37�.

B. The existence of several definitions of critical thickness:
How deep can a cell feel?

A range of estimates exists in the literature concerning the
minimum suitable coating thickness in 2D cell culture ex-
periments. This issue arises, for example, in cell traction mi-
croscopy and in observations of cell behavior of substrata of
various stiffness. A justified interpretation of critical thick-
ness is required not just for basic scientific experiments of
mechanosensitivity, but also to address the range of engi-
neered cell functions achievable with synthetic substrata and
device coatings. Reported estimates have varied by one to
two orders of magnitude both theoretically and experimen-
tally. Scaling arguments have been used to support critical
thickness estimates from several micrometers to tens of mi-
crometers: for example, Dembo and Wang �13� and Balaban
et al. �14� connected the minimum suitable thickness to the
magnitude of ��1 �m� surface displacements, arguing that
the minimum coating thickness should at least be large com-
pared to displacements. Butler et al. used scaling arguments
to estimate a minimum suitable thickness; they modeled a
focal adhesion as a circular area of traction �as we do�, but
then changed to using the length of an entire cell as a char-
acteristic length to be compared with coating thickness �18�.
Yang et al. repeated this reasoning, proposing that a 70 �m
film may not be sufficiently thick to prevent a 50-�m-long
fibroblast from being affected by an underlying rigid base
�38�. However, Schwartz et al. reasoned that it is the focal
adhesion size rather than the cell size that should be com-
pared to coating thickness �16�.

Experimental estimates of critical thickness have also var-
ied. Del Álamo concluded from spectral energy density data
that critical thickness is dependent on cell size and is in the
tens of micrometers �39�. However, Engler et al. found no
detectable difference in smooth muscle cell behavior on h
=5 and 70 �m polyacrylamide gel coatings on glass and
concluded that cells cannot feel as deep as 5 �m. They first
compared the sensing depth to cell height �31�, but later
compared it to adhesion site size �36�.

Thus, both scaling arguments and experimental observa-
tions encompass a variety of characteristic cell dimensions in

determining purported critical thickness. Analytical estimates
are most useful if also predictive of experimental observa-
tions, and we believe that the experimental findings of del
Álamo et al. and Engler et al. can be resolved by considering
whether the surface displacements of interest lie at a distance
from the adhesion site, as is the case in cell traction micros-
copy, or very close to the adhesion site, which is the only
region the cell can interrogate. The same finite-thickness-
coating elasticity model predicts that the attenuation from the
rigid base in the first case is dependent on h /r �Merkel et
al.’s calculation from Yue’s general solution �10�� and in the
second case is dependent on h /a �derived in this work as
Eqs. �20� and �26��. These two dimensionless quantities arise
naturally from a model of tangential traction applied to the
surface of a coating grafted to a rigid base, and they predict
different values of critical thickness depending on the appli-
cation. The value of r can be one to two orders of magnitude
larger than that of a, and this ratio reflects the difference in
critical thickness estimates of del Álamo et al. and Engler et
al.

In the process of considering these examples of a mini-
mum suitable thickness, we have identified other possible
definitions of a critical thickness hc in cell biophysics studies
on compliant coatings. A critical thickness can be said to
correspond to the depth that a cell can feel, and it is therefore
important to identify and compare definitions to avoid mis-
understandings and to clarify data on cell traction-induced
substratum deformation. These definitions are listed in Table
I. Of particular interest is the different ways that these char-
acteristic depths depend on a material property such as coat-
ing stiffness. Depending on one’s criterion �strain cutoff, at-
tenuation of remote bead displacement, attenuation of
adhesion site deformation�, the depth may increase, decrease,
or remain unchanged as a result of increasing stiffness.

We suggest that the definitions in Table I are ordered ac-
cording to relevance in the design of finite-thickness coatings
intended to elicit a predicted response of adherent cells or,
alternatively, to assess which mode of adhesion site deforma-
tion most strongly regulates cell mechanosensitivity. The first
two items are less relevant in this ordering. The arbitrary
nature of the strain definition reduces its usefulness, and, as
we discussed earlier, the critical thickness for cell traction
microscopy is controlled by the distance from adhesion site
to bead, a measurement of no significance in mechanosensi-
tivity. The metrics of attenuation that we define in this work
are more useful. It seems clear, for example, that a cell can-
not feel an underlying base that is too far away to attenuate
traction-induced surface deformation at an adhesion site. Fi-
nally, the last item in Table I may be the most relevant to cell
behavior: a coating thickness that would produce a certain
surface deformation. We include this definition because of
the interesting consequence that the thickness would need to
increase to maintain the same surface deformation as coating
stiffness increases. This increase lies in contrast with the de-
crease in arbitrary strain depth, another critical thickness
definition, following the same increase in coating stiffness.
However, it is difficult to theorize further about this last defi-
nition of critical thickness without knowing more about the
cell mechanosensory mechanism and what modes of substra-
tum deformation constitute primary feedback to an adherent
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cell. Future experiments that consider the effects of finite
coating thickness may help resolve this issue.

C. Displacement versus distortion

Two normalized deformation functions �U1 and U2� have
been identified, and they are both functions of the dimen-
sionless ratio h /a, indicating a coupling between character-
istic depths and adhesion site size. U1 is a measure of center
displacement attenuation, and U2 is a measure of distortion
attenuation. Considering the deformation of the substratum
as two separate modes, displacement and distortion, may
help clarify models of adhesion site growth and stability.
Displacement has long been regarded as an important param-
eter in elasticity-based models of focal adhesion behavior
�41,42�. Other researchers have conjectured that the spacing
of bound integrin molecules correlates with their binding af-
finity and lifetime, thereby influencing adhesion site growth
and stability �21,43,44�. Distortion of the substratum adja-
cent to the adhesion area may affect this spacing.

It could be illuminating to consider existing or novel sub-
strata that suppress either displacement or distortion to gauge
the effect on adhesion site and cell morphologies. Consider,
for example, substrata with compliant posts �24–26�. We pre-
dict that posts with spring constant k=10 nN /�m displace
like semi-infinite substrata with Young’s elastic modulus E
=7 kPa �assuming a circular area with radius 1 �m of tan-
gential traction� but distort essentially like the bulk silicone
with Young’s elastic modulus of 2 MPa from which they
were made. Would adhesion site morphology and protein re-
cruitment correspond to that typically seen on the stiffer or
less stiff material? The answer would provide insight into the
nature of the cellular mechanosensory mechanism.

While the two normalized deformation functions U1 �rep-
resenting attenuation of center displacement� and U2 �repre-
senting attenuation of distortion� represent possible ways of
characterizing the influence of an underlying rigid base, and
while adhesion site models in the literature appear to ascribe
a mechanosensory mechanism to adhesion site displacement
and/or distortion, there is nevertheless no assurance that

mechanosensation is affected by these parameters. The sub-
stratum stiffness feedback used by the cell may incorporate
one or the other parameter, both parameters, or additional
information not yet defined. It seems clear, however, that the
feedback must incorporate some aspect of surface deforma-
tion of the 2D substratum on which the cell is attached.

As physical models of adhesion site growth and stability
emerge, additional modes of deformation may be found to be
important. Our model presents a method for calculating the
attenuation due to finite coating thickness for any mode of
deformation, by returning to the Green’s tensors given in
Eqs. �1� and �13� and calculating uB and uC.

D. Scope of model

We discuss here the scope of our model and its position in
the field of adhesion site modeling. This work is meant to
complement theories of focal adhesion formation and behav-
ior, which often idealize the substratum as perfectly rigid
�44,45�. Recent work has attempted to address variations in
substratum stiffness and thickness �21�. However, consider-
ations of substratum thickness are typically limited to analy-
sis of the limiting cases of thin and thick coatings. Our
model provides a quantitative link from very thin to semi-
infinite coatings, in the form of the normalized deformation
functions Ui. The calculations are not dependent on any par-
ticular theory of adhesion site formation and growth. In its
calculation of an effective stiffness, the model is in agree-
ment with Nicolas et al.’s general predictions that a thin,
compliant extracellular matrix should lead to a similar be-
havior as a thick, stiffer ECM.

Assumptions of our model include the use of a single
adhesion site shape �circular with radius a� and a constant
tangential traction T. Since an elongated adhesion site mor-
phology is generally observed for cells cultured on substrata
of Young’s elastic modulus E greater than approximately
1 kPa �6,20,35�, this model sacrifices some physical accu-
racy in favor of ease of mathematical analysis. For cell types
and/or substrata stiffness for which noncircular adhesion
sites are observed, analytical or numerical solutions for non-

TABLE I. Possible definitions of critical cell-sensing depth or coating thickness for adherent �traction-
exerting� cells on 2D substrata.

Description of critical depth or thickness Effect of increasing coating stiffness

Depth at which a certain strain �xx exists �2,40� Decreases ���T /��
Coating thickness that attenuates cell traction
microscopy measurements at a distance r by a
certain percentage

Independent ��r�

Coating thickness that attenuates adhesion site
displacement by a certain percentage
�characterized by U1� �this work�

Independent ��a�

Coating thickness that attenuates adhesion site
distortion by a certain percentage �characterized
by U2� �this work�

Independent ��a�

Coating thickness that maintains a certain
traction-induced surface displacement or
distortion

Increases ��f��� ,�a�
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axisymmetric adhesion site shapes are possible but are be-
yond the scope of the current study. For example, elliptical
areas of traction have been previously used to model adhe-
sion sites on compliant substrata �10,16�. In the absence of
an analytical solution of attenuated substrata deformation for
traction over an ellipse, we speculate that the critical thick-
ness would still be related to the adhesion site size, as shown
in this work for circular areas, and that this characteristic
length would be a function of the major and minor axes of
the elliptical idealized shape rather than equivalent to the
circle radius. Additionally, the tangential traction within an
adhesion site also may not be constant and has been modeled
as varying along its length �46�; however, data are not yet
available to suggest a more accurate traction distribution.
Furthermore, it should be emphasized that we are modeling
the substratum distortion only, which is not necessarily
equivalent to the more complex distortion behavior of adhe-
sion site molecules.

Finally, the model does not inform the user of which func-
tion Ui to use; it only allows calculation of the attenuation of
certain deformation parameters. As discussed earlier, we
draw a distinction between two distinct deformation modes
to prompt new exploratory experiments into cell mecha-
nosensitivity.

V. CONCLUSIONS

For both fundamental studies of cellular mechanotrans-
duction and applied studies of coatings intended to recapitu-
late tissue environments, it is important to understand the
extent to which finite substrata thickness affects the mechani-
cal resistance encountered via cellular traction at discrete ad-
hesion sites. We have applied our continuum elasticity model
and its distinction between adhesion site displacement �U1�
and distortion �U2� to calculate the effective stiffness of thin
substrata deformed via traction at adhesion sites. We verified
that this thickness-defined effective stiffness rationalizes
comparable cell areas observed for thick, stiff gels and thin,
compliant gels in both previously reported experiments and
our present results for fibroblasts on compliant polyacryla-
mide gels. The ability to describe and predict cell-level re-
sponses for substrata of varying stiffness and thickness in
terms of effective substratum thickness should facilitate
quantitative comparison among disparate experimental con-
ditions as well as the effective design of coatings intended to
represent a predefined mechanical environment to adhered
cells. Further, we applied our model to rationalize the wide
range of estimates for critical thickness hc in the present
literature, from the diameter of molecular complexes to the
diameter of entire cells, in that each estimate depends on
whether the perturbed property is defined relative to defor-
mation within the cell or far from the cell. Each of these
valid perspectives depends on cell-defined parameters �e.g.,
adhesion site radius or shear stress� and material-defined pa-
rameters �e.g., Young’s elastic modulus�. Thus, the model
quantitatively connects the critical thickness definition most
relevant in considerations of mechanosensitivity to the char-
acteristic size of adhesion sites, a connection that has been
observed in experiments and intuited through scaling argu-
ments but not previously derived rigorously.

Practical applications of this model still require careful
consideration of the purposes for which mechanically de-
fined substrata are employed: Is one’s goal to match in vivo
levels of adhesion site displacement, of cell morphology, of
substratum contraction, of maximal cell traction, and/or
metabolic activity? For applications in which the substratum
is intended to provide a well-defined mechanical environ-
ment that maintains a specified surface deformation, for ex-
ample, our model shows that this critical thickness depends
not only on substratum material stiffness but also on adhe-
sion site radius. Of more general interest are the mechanisms
by which this mechanical environment is converted to bio-
chemical processes that alter cellular functions, and the ex-
tent to which these mechanisms depend separately �if at all�
on the displacement and distortion of the multimolecular ad-
hesion sites at which stress is transferred from the intra-to
extracellular environments. The current model cannot re-
solve this important question based on available experimen-
tal data, but rather serves as a means to design and interpret
future experiments that seek to define and leverage these
primary feedback mechanisms.
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APPENDIX A: QUALIFICATIONS FOR THE USE
OF LINEAR ELASTICITY

The model described in this paper relies upon the assump-
tions of coating isotropy, homogeneity, and linear elasticity.
These assumptions could become invalid if one or more of
the following conditions apply.

�1� The characteristic length scale of �inevitable� material
inhomogeneity is not negligible compared to the adhesion
site radius. For example, polyacrylamide hydrogels, used in
cell traction microscopy and in this work, consist of a hy-
drated network of polymer chains. The pore size �radius� of
similar gel formulations to that used in this work is approxi-
mately 100 nm �47�, which is small compared to adhesion
site size. The in vivo basement membrane, which could be
treated as a 2D substratum for adherent epithelial cells, con-
sists of a meshwork of collagen fibers with branch points
spaced at 45 nm �48�. The use of continuum theory is a rea-
sonable assumption in our model for such materials. How-
ever, biomimetic scaffolds with pore sizes of several mi-
crometers or more �e.g., collagen-glycosaminoglycan
scaffolds for regeneration of connective tissue or skin �49��
would violate the continuum assumption, since a cell at-
tached to one or more struts is expected to detect a composite
mechanical response affected both by the material stiffness
and the structural �bending� stiffness of the scaffold struts.
Such structures are more appropriately modeled as cellular
solids �49�, as the present model assumes traction is exerted
over a semi-infinite half space or a coating adhered to a
relatively rigid support.
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�2� The loading is sufficiently large to cause the material’s
stress-strain relationship to deviate from linearity. This factor
is material dependent. We have focused mostly on polyacry-
lamide because of its widespread use in cell traction and
mechanosensitivity experiments. Unfortunately, the experi-
mental evidence that polyacrylamide is actually linear elastic
for typical cell traction values is, to the best of our knowl-
edge, unresolved by current experiments.

�3� The loading is sufficiently large to cause the geometry
to change so that the assumption of loading direction is in-
valid, or the products of strains become non-negligible. An
estimate of the point where geometrical changes prevent the
accurate use of linear elasticity in analytical models of sub-
stratum deformation is the focus of current research employ-
ing large-displacement finite-element analysis.

�4� The loading from a single adhesion site is linear, but
the aggregate loading from multiple sites exceeds the thresh-
old of linear elastic behavior. A related issue is whether de-
formation from neighboring adhesion sites can be ignored
compared to “self-deformation,” an assumption of our
model. This issue can be explored by considering a line of
equally spaced �centers separated by na� adhesion sites of
radius a as an idealization of the arrangement often found at
the periphery of an adherent cell �see Fig. 1�. The line is
perpendicular to the x-direction tangential traction and ex-
tends along the y-axis. At the center of any particular site, the
displacement due to the two nearest neighbor sites is

2�a2 T

2��

2 − �

2r
+

��x2 − y2�
2r3 � =

Ta

n�
, �A1�

where we have treated the other sites as point forces for ease
of calculation �19� and used r=x=na and �=0.5. We com-
pare this displacement to that caused by the tangential trac-
tion of the central adhesion site �3Ta /4��. For a spacing of
n=4 �circular adhesion sites separated by equally sized
spaces�, the contribution from the two nearest neighbors
alone is predicted to be one-third of the self-displacement.
This is not a negligible amount, but neither does it exceed
the self-displacement; the actual spacing may be more or less
depending on the distribution of adhesion sites. We ignore
this deformation from neighboring sites because of the con-
siderable computational savings that results.

APPENDIX B: EQUIVALENCE OF FABRIKANT’S
FORMULATION

We now address Fabrikant’s solution �28�, which
relies upon the method of images. Fabrikant writes
G11,C�x ,y ,x0 ,y0� in a form equivalent to

G11,C = G11,B +
1

2��
�
m=1

� �1 − �

2
Qm + �− 1�m
 1

r̂�2m�

+
x̂2 − ŷ2

r̂�2m��r̂�2m� + 2mh�2�
 �B1�

where r̂���=�r2+ ��h�2 and Qm is calculated by considering
the boundary conditions in a calculation-intensive process
�28�. For example, the first three terms in the case of �
=0.5 are

Q1 = − 2f�2� − 4f��2� − 4f��2� , �B2a�

Q2 = 2f�4� + 8f��4� + 16f��4� + 16f��4� + 16f��4� ,

�B2b�

Q3 = − 2f�6� − 12f��6� − 36f��6� − 64f��6� − 96f��6�

− 64f �5��6� − 64f �6��6� , �B2c�

where

f��� =
1

r̂���
−

x̂2 − ŷ2

r̂����r̂��� + �h�2 �B3�

and the derivatives indicated by f�, f�, etc. are taken with
respect to �.

By using an approach outlined by Fabrikant, we can show
the equivalence of Yue’s and Fabrikant’s equations. We begin
with Eq. �13� and rewrite Yue’s �11 and �22 as

�11 =
1 − �

�

e−4�h − 1 −

4�he−2�h

3 − 4�
�

��
n=0

� 
− e−4�h −
1 + 4�2h2 + �3 − 4��2

3 − 4�
e−2�h�n

,

�B4�

�22 =
1

�
�e−2�h − 1��

n=0

�

�− e−2�h�n. �B5�

These expressions can be evaluated term by term with the
identities

	
0

�

��h��e−��hJ0��r�d� = 
−
�

��
�� 1

r̂���
, �B6�

	
0

�

��h��e−��hJ2��r�d� = 
−
�

��
��
 r2

r̂����r̂��� + �h�2� ,

�B7�

and are found to be equivalent to Eq. �B1�.
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